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Abstract. In 2003, Rodriguez-Villegas conjectured four supercongruences on the trun-
cated 3F2 hypergeometric series for certain modular K3 surfaces, which were gradually
proved by several authors. Motivated by some supercongruences on combinatorial num-
bers such as Ape´ry numbers and Domb numbers, we establish some new supercongruences
on the truncated 3F2 hypergeometric series, which extend the four Rodriguez-Villegas su-
percongruences.
Keywords: supercongruences; truncated hypergeometric series; p-adic Gamma functions
MR Subject Classifications: Primary 11A07, 11S80; Secondary 33C20, 33B15
1 Introduction
In 2003, Rodriguez-Villegas [18] observed the remarkable relationship between the number
of points over Fp on certain Calabi-Yau manifolds and truncated hypergeometric series. In
doing so, he conjectured numerically 22 supercongruences for hypergeometric Calabi-Yau
manifolds of dimension D ≤ 3.
To state these results, we first define the truncated hypergeometric series. For complex
numbers ai, bj and z, with none of the bj being negative integers or zero, the truncated
hypergeometric series are defined as
rFs
[
a1, a2, · · · , ar
b1, b2, · · · , bs
; z
]
n
=
n−1∑
k=0
(a1)k(a2)k · · · (ar)k
(b1)k(b2)k · · · (bs)k
·
zk
k!
,
where (a)0 = 1 and (a)k = a(a + 1) · · · (a+ k − 1) for k ≥ 1.
Throughout this paper let p ≥ 5 be a prime. For manifolds of dimension D = 2,
Rodriguez-Villegas [18] conjectured four supercongruences, which are related to certain
modular K3 surfaces. These are all of the form
3F2
[
1
2
,−a, a+ 1
1, 1
; 1
]
p
≡ cp (mod p
2), (1.1)
where a = −1
2
,−1
3
,−1
4
,−1
6
and cp is the p-th Fourier coefficient of a weight three modular
form on a congruence subgroup of SL(2,Z). The case when a = −1
2
was confirmed by
1
van Hamme [23], Ishikawa [10] and Ahlgren [1]. The other cases when a = −1
3
,−1
4
,−1
6
were partially proved by Mortenson [15], and finally proved by Sun [21].
Recall that the p-adic Gamma function [7, Definition 11.6.5] is defined as
Γp(x) = lim
m→x
(−1)m
∏
1<k<m
(k,p)=1
k,
where the limit is for m tending to x p-adically in Z≥0. Let 〈a〉p denote the least non-
negative integer r with a ≡ r (mod p).
Sun [20, Theorem 2.5] and the author [14, Theorem 1.2] proved that for any p-adic
integer a,
3F2
[
1
2
,−a, a+ 1
1, 1
; 1
]
p
≡
{
0, if 〈a〉p ≡ 1 (mod 2)
(−1)
p+1
2 Γp
(
−a
2
)2
Γp
(
a+1
2
)2
, if 〈a〉p ≡ 0 (mod 2)
(mod p2), (1.2)
which extends (1.1) for any p-adic integer a. Guo and Zeng [9, Theorem 1.3] have estab-
lished an interesting q-analogue of (1.2) when 〈a〉p ≡ 1 (mod 2).
In the ingenious proof of the irrationality of ζ(3), Ape´ry [3] introduced the numbers
An =
n∑
k=0
(
n
k
)2(
n+ k
k
)2
,
which are known as Ape´ry numbers. A motivating example in this paper is the following
supercongruence:
Anp ≡ An (mod p
3),
which was originally conjectured by Chowla et al. [6], and first proved by Gessel [8]. Some
similar types of supercongruences on combinatorial numbers such as Almkvist-Zudilin
numbers, Domb numbers and Ape´ry-like numbers have been studied by several authors,
see for example, Amdeberhan and Tauraso [2], Chan, Cooper and Sica [5], Osburn and
Sahu [16], and Osburn, Sahu and Straub [17].
In this paper, we aim to establish the same type of supercongruences on truncated 3F2
hypergeometric series. The first aim of this paper is to prove the following result, which
strengthens [20, Theorem 2.5].
Theorem 1.1 Let p ≥ 5 be a prime and n be a positive integer. For any p-adic integer
a with 〈a〉p ≡ 1 (mod 2), we have
3F2
[
1
2
,−a, a+ 1
1, 1
; 1
]
np
≡ 0 (mod p2). (1.3)
2
The second aim of this paper is to extend the supercongruence (1.1) for 〈a〉p ≡ 0
(mod 2).
Theorem 1.2 Let p ≥ 5 be a prime and n be a positive integer. For a ∈
{
−1
2
,−1
3
,−1
4
,−1
6
}
with 〈a〉p ≡ 0 (mod 2), we have
3F2
[
1
2
,−a, a+ 1
1, 1
; 1
]
np
≡ (−1)
p+1
2 Γp
(
−
a
2
)2
Γp
(
a + 1
2
)2
3F2
[
1
2
,−a, a+ 1
1, 1
; 1
]
n
(mod p2). (1.4)
We see that letting n = 1 in (1.4) reduces to (1.1) for 〈a〉p ≡ 0 (mod 2).
Remark. Numerical calculation via Sigma suggests that supercongruence (1.4) cannot
be extended to any p-adic integer a with 〈a〉p ≡ 0 (mod 2) in the direction of (1.2).
Replacing n by pr−1 in (1.4) and then using induction, we get the following result.
Corollary 1.3 Let p ≥ 5 be a prime and r be a positive integer. For a ∈
{
−1
2
,−1
3
,−1
4
,−1
6
}
with 〈a〉p ≡ 0 (mod 2), we have
3F2
[
1
2
,−a, a+ 1
1, 1
; 1
]
pr
≡ (−1)
r(p+1)
2 Γp
(
−
a
2
)2r
Γp
(
a + 1
2
)2r
(mod p2).
The proof of Theorem 1.1 and 1.2 will be given in Section 2 and 3, respectively.
2 Proof of Theorem 1.1
In order to prove Theorem 1.1, we first establish the following two lemmas.
Lemma 2.1 For any odd integer n, we have
n∑
k=0
(
2k
k
)2(
n + k
2k
)(
−
1
4
)k
= 0, (2.1)
n∑
k=0
(
2k
k
)2(
n + k
2k
)(
−
1
4
)k
(2H2k − 3Hk) = 0, (2.2)
n∑
k=0
(
2k
k
)2(
n + k
2k
)(
−
1
4
)k
(2Hn+k −Hk) = 0, (2.3)
where Hn =
∑n
k=1
1
k
denotes the n-th harmonic number.
Proof. An identity [4, (1), p.16] says
3F2
[
a, b, c
1
2
(a + b+ 1), 2c
; 1
]
=
Γ
(
1
2
)
Γ
(
1
2
+ c
)
Γ
(
1
2
+ 1
2
a+ 1
2
b
)
Γ
(
1
2
− 1
2
a− 1
2
b+ c
)
Γ
(
1
2
+ 1
2
a
)
Γ
(
1
2
+ 1
2
b
)
Γ
(
1
2
− 1
2
a+ c
)
Γ
(
1
2
− 1
2
b+ c
) . (2.4)
3
Letting a = −n, b = n+ 1 and c = 1
2
in (2.4) reduces to
3F2
[
−n, n + 1, 1
2
1, 1
; 1
]
=
Γ
(
1
2
)2
Γ
(
1−n
2
)2
Γ
(
n+2
2
)2 .
Since (1− n)/2 is always a non-positive integer, we have lim
x→ 1−n
2
1/Γ (x)2 = 0, and so
3F2
[
−n, n + 1, 1
2
1, 1
; 1
]
= 0.
Noting that (
1
2
)
k
(1)k
=
(
2k
k
)
4k
, (2.5)
(−n)k(n + 1)k
(1)2k
= (−1)k
(
2k
k
)(
n+ k
2k
)
, (2.6)
we are led to (2.1).
Let An and Bn respectively denote the numbers
An =
2n−1∑
k=0
(
2k
k
)2(
2n− 1 + k
2k
)(
−
1
4
)k
(2H2k − 3Hk),
and
Bn =
2n−1∑
k=0
(
2k
k
)2(
2n− 1 + k
2k
)(
−
1
4
)k
(2H2n−1+k −Hk).
Using the software package Sigma developed by Schneider [19], we find that An and Bn
respectively satisfy the following recurrences:
16n3(n + 1)(4n+ 5)An − 4(n+ 1)(2n+ 1)(4n+ 3)(4n
2 + 6n+ 1)An+1
+ (2n+ 1)(2n+ 3)3(4n+ 1)An+2 = 0,
and
16n3(n+ 1)Bn − 4(n+ 1)(2n+ 1)
3Bn+1 + (2n+ 1)
2(2n+ 3)2Bn+2 = 0.
It is easy to verify that An = Bn = 0 for n = 1, 2. This implies that An = Bn = 0 for all
n ≥ 1, and so (2.2) and (2.3) clearly hold. 
4
Lemma 2.2 Suppose p ≥ 5 is a prime. For any p-adic integer a with 〈a〉p ≡ 1 (mod 2),
we have
p−1∑
k=0
(
2k
k
)2(
a+ k
2k
)(
−
1
4
)k k∑
i=1
1
−a− 1 + i
≡
p−1∑
k=0
(
2k
k
)2(
a+ k
2k
)(
−
1
4
)k k∑
i=1
1
a+ i
≡
1
2
p−1∑
k=0
(
2k
k
)2(
a+ k
2k
)(
−
1
4
)k
Hk (mod p). (2.7)
Proof. From (2.1) and (2.3), we obtain that for any odd integer n,
n∑
k=0
(
2k
k
)2(
n+ k
2k
)(
−
1
4
)k
(2Hn+k − 2Hn −Hk) = 0,
which is
n∑
k=0
(
2k
k
)2(
n+ k
2k
)(
−
1
4
)k( k∑
i=1
1
n+ i
−
1
2
Hk
)
= 0. (2.8)
Since 〈a〉p is an odd integer, it follows from (2.8) that
p−1∑
k=0
(
2k
k
)2(
a+ k
2k
)(
−
1
4
)k k∑
i=1
1
a+ i
≡
〈a〉p∑
k=0
(
2k
k
)2(
〈a〉p + k
2k
)(
−
1
4
)k k∑
i=1
1
〈a〉p + i
(mod p)
=
1
2
〈a〉p∑
k=0
(
2k
k
)2(
〈a〉p + k
2k
)(
−
1
4
)k
Hk
≡
1
2
p−1∑
k=0
(
2k
k
)2(
a + k
2k
)(
−
1
4
)k
Hk (mod p).
Let b = p − 〈a〉p. It is clear that a ≡ −b (mod p) and b − 1 is an odd integer with
0 ≤ b− 1 ≤ p− 1. It follows that
p−1∑
k=0
(
2k
k
)2(
a + k
2k
)(
−
1
4
)k k∑
i=1
1
−a− 1 + i
≡
p−1∑
k=0
(
2k
k
)2(
−b+ k
2k
)(
−
1
4
)k k∑
i=1
1
b− 1 + i
(mod p). (2.9)
5
Since
(
−b+k
2k
)
=
(
b−1+k
2k
)
, by (2.8) and (2.9) we get
LHS (2.9) ≡
b−1∑
k=0
(
2k
k
)2(
b− 1 + k
2k
)(
−
1
4
)k k∑
i=1
1
b− 1 + i
(mod p)
=
1
2
b−1∑
k=0
(
2k
k
)2(
b− 1 + k
2k
)(
−
1
4
)k
Hk
≡
1
2
p−1∑
k=0
(
2k
k
)2(
−a− 1 + k
2k
)(
−
1
4
)k
Hk (mod p)
=
1
2
p−1∑
k=0
(
2k
k
)2(
a+ k
2k
)(
−
1
4
)k
Hk.
This completes the proof of (2.7). 
Proof of Theorem 1.1. By (2.5) and (2.6), we can rewrite (1.3) as
np−1∑
k=0
(
2k
k
)2(
a+ k
2k
)(
−
1
4
)k
≡ 0 (mod p2).
We first prove that for any non-negative integer r,
(r+1)p−1∑
k=rp
(
2k
k
)2(
a+ k
2k
)(
−
1
4
)k
≡ 0 (mod p2), (2.10)
which is equivalent to
p−1∑
k=0
(
2k + 2rp
k + rp
)2(
a+ k + rp
2k + 2rp
)(
−
1
4
)k+rp
≡ 0 (mod p2). (2.11)
Applying the following congruence [12, (2.1)]:(
2rp+ 2k
rp+ k
)
≡
(
2r
r
)(
2k
k
)
(1 + 2rp(H2k −Hk)) (mod p
2), (2.12)
we immediately get(
2rp+ 2k
rp+ k
)2
≡
(
2r
r
)2(
2k
k
)2
(1 + 4rp(H2k −Hk)) (mod p
2). (2.13)
By (2.13) and the fact that
(
2k
k
)2
≡ 0 (mod p2) for p−1
2
< k ≤ p− 1, we have
LHS (2.11)
≡
p−1
2∑
k=0
(
2r
r
)2(
2k
k
)2(
a+ k + rp
2k + 2rp
)(
−
1
4
)k+rp
(1 + 4rp(H2k −Hk)) (mod p
2). (2.14)
6
Let δ denote the number δ = (a − 〈a〉p)/p. It is clear that δ is a p-adic integer and
a = 〈a〉p + δp. Note that(
a+ k + rp
2k + 2rp
)
=
(
〈a〉p + k + (δ + r)p
2k + 2rp
)
=
(
〈a〉p + (δ + r)p
2rp
) k∏
i=1
(〈a〉p + (δ + r)p+ i)
k∏
i=1
(〈a〉p + (δ − r)p+ 1− i)
2k∏
i=1
(2rp+ i)−1.
It is easy to see that for 0 ≤ k ≤ p−1
2
,
2k∏
i=1
(2rp+ i)−1 ≡
2k∏
i=1
(
1
i
−
2rp
i2
)
≡
1− 2rpH2k
(2k)!
(mod p2),
and
k∏
i=1
(〈a〉p + (δ + r)p+ i)
k∏
i=1
(〈a〉p + (δ − r)p+ 1− i)
≡
2k∏
i=1
(〈a〉p − k + i) ·
(
1 + p
(
k∑
i=1
δ + r
〈a〉p + i
+
k∑
i=1
δ − r
〈a〉p + 1− i
))
(mod p2).
It follows that for 0 ≤ k ≤ p−1
2
,(
a + k + rp
2k + 2rp
)
≡
(
〈a〉p + (δ + r)p
2rp
)(
〈a〉p + k
2k
)
×
(
1 + p
(
k∑
i=1
r + δ
〈a〉p + i
+
k∑
i=1
r − δ
−〈a〉p − 1 + i
− 2rH2k
))
(mod p2).
(2.15)
Substituting (2.15) into (2.14) gives
LHS (2.11) ≡
(
−
1
4
)rp(
2r
r
)2(
〈a〉p + (δ + r)p
2rp
) p−1
2∑
k=0
(
2k
k
)2(
〈a〉p + k
2k
)(
−
1
4
)k
×
(
1 + p
(
k∑
i=1
r + δ
〈a〉p + i
+
k∑
i=1
r − δ
−〈a〉p − 1 + i
+ 2rH2k − 4rHk
))
(mod p2).
(2.16)
Note that
(
2k
k
)2
≡ 0 (mod p2) for p−1
2
< k ≤ p − 1 and 〈a〉p is an odd integer. It
follows from (2.1) that
p−1
2∑
k=0
(
2k
k
)2(
〈a〉p + k
2k
)(
−
1
4
)k
≡
〈a〉p∑
k=0
(
2k
k
)2(
〈a〉p + k
2k
)(
−
1
4
)k
= 0 (mod p2). (2.17)
7
On the other hand, using (2.7) and (2.2) we have
p−1
2∑
k=0
(
2k
k
)2(
〈a〉p + k
2k
)(
−
1
4
)k( k∑
i=1
r + δ
〈a〉p + i
+
k∑
i=1
r − δ
−〈a〉p − 1 + i
+ 2rH2k − 4rHk
)
≡
〈a〉p∑
k=0
(
2k
k
)2(
〈a〉p + k
2k
)(
−
1
4
)k
(2rH2k − 3rHk) = 0 (mod p). (2.18)
Then the proof of (2.11) directly follows from (2.16)-(2.18).
Taking the sum over r from 0 to n− 1 on both sides of (2.10) gives
np−1∑
k=0
(
2k
k
)2(
a+ k
2k
)(
−
1
4
)k
≡ 0 (mod p2),
which is equivalent to (1.3). This completes the proof of Theorem 1.1. 
3 Proof of Theorem 1.2
The Fermat quotient of an integer a with respect to an odd prime p is given by
qp(a) =
ap−1 − 1
p
.
Lemma 3.1 (Eisenstein) Suppose p is an odd prime and r is a positive integer. For
non-zero p-adic integers a and b, we have
qp(ab) ≡ qp(a) + qp(b) (mod p),
qp(a
r) ≡ rqp(a) (mod p).
Lemma 3.2 (Lehmer [11]) For any prime p ≥ 5, we have
H⌊p/2⌋ ≡ −2qp(2) (mod p),
where ⌊x⌋ denotes the greatest integer less than or equal to a real number x.
Lemma 3.3 (See [13, Lemma 2.4]) Let p ≥ 5 be a prime, r and k be non-negative
integers. For 0 ≤ k ≤ p− 1 and a ∈
{
−1
2
,−1
3
,−1
4
,−1
6
}
, we have
(−a)k+rp(a+ 1)k+rp
(1)2k+rp
≡
(−a)r(a+ 1)r
(1)2r
·
(−a)k(a+ 1)k
(1)2k
×
(
1 + 2rpH⌊−pa⌋ − 2rpHk + rp
k−1∑
i=0
(
1
−a + i
+
1
a+ 1 + i
))
(mod p2).
(3.1)
8
Lemma 3.4 For any even integer n, we have
n∑
k=0
(
2k
k
)2(
n+ k
2k
)(
−
1
4
)k
=
(
n
n/2
)2
4n
, (3.2)
n∑
k=0
(
2k
k
)2(
n+ k
2k
)(
−
1
4
)k
Hk =
(
n
n/2
)2
4n
Hn, (3.3)
n∑
k=0
(
2k
k
)2(
n + k
2k
)(
−
1
4
)k
H2k =
(
n
n/2
)2
2 · 4n
Hn, (3.4)
n∑
k=0
(
2k
k
)2(
n + k
2k
)(
−
1
4
)k k−1∑
i=0
1
n + 1 + i
=
(
n
n/2
)2
4n
(
3
2
Hn −Hn/2
)
. (3.5)
See [14, (2.9) & (2.18)] and [22, (16) & (17)].
Lemma 3.5 Let p ≥ 5 be a prime. For a ∈
{
−1
2
,−1
3
,−1
4
,−1
6
}
, we have
H⌊−pa⌋ ≡ H〈a〉p (mod p). (3.6)
Proof. For any prime p ≥ 5, there exists ε ∈ {1,−1} such that p ≡ ε (mod 2, 3, 4, 6). We
give the proof of (3.6) for a = −1
3
. The proofs of the other three cases run similarly.
If p ≡ 1 (mod 3), then ⌊p/3⌋ = (p−1)/3 and 〈−1/3〉p = (p−1)/3, and so (3.6) clearly
holds for a = −1
3
.
If p ≡ −1 (mod 3), then ⌊p/3⌋ = (p− 2)/3 and 〈−1/3〉p = (2p− 1)/3. Applying the
fact that Hk = Hp−1−k (mod p) for 0 ≤ k ≤ p − 1, we conclude that (3.6) also holds for
a = −1
3
. 
Proof of Theorem 1.2. We first prove that for any non-negative integer r,
(r+1)p−1∑
k=rp
(
1
2
)
k
(−a)k(a+ 1)k
(1)3k
≡ (−1)
p+1
2 Γp
(
−
a
2
)2
Γp
(
a+ 1
2
)2
·
(
1
2
)
r
(−a)r(a + 1)r
(1)3r
(mod p2). (3.7)
Noting that (
1
2
)
k
(−a)k(a+ 1)k
(1)3k
=
(
2k
k
)2(
a + k
2k
)(
−
1
4
)k
, (3.8)
and letting k → k + rp on the left-hand side of (3.7), we see that (3.7) is equivalent to
p−1∑
k=0
(
2k + 2rp
k + rp
)2(
a + k + rp
2k + 2rp
)(
−
1
4
)k+rp
≡ (−1)
p+1
2 Γp
(
−
a
2
)2
Γp
(
a+ 1
2
)2(
2r
r
)2(
a + r
2r
)(
−
1
4
)r
(mod p2). (3.9)
9
By Lemma 3.1 and 3.2, we have
(
1
4
)k+rp
=
(
1
4
)k+r
·
(
1
4
)r(p−1)
=
(
1
4
)k+r (
1 + pqp
(
4−r
))
≡
(
1
4
)k+r
(1− 2rpqp (2))
≡
(
1
4
)k+r (
1 + rpH⌊p/2⌋
)
(mod p2). (3.10)
Combining (2.12) and (3.10) gives
(
1
4
)k+rp(
2k + 2rp
k + rp
)
≡
(
1
4
)k+r (
2r
r
)(
2k
k
)
(1 + rp(2H2k − 2Hk +H⌊p/2⌋) (mod p
2). (3.11)
On the other hand, using (3.6) and
(−a)k(a+ 1)k
(1)2k
= (−1)k
(
2k
k
)(
a + k
2k
)
,
we can rewrite (3.1) as
(−1)k+rp
(
2k + 2rp
k + rp
)(
a + k + rp
2k + 2rp
)
≡ (−1)r+k
(
2r
r
)(
a+ r
2r
)(
2k
k
)(
a+ k
2k
)
×
(
1 + 2rpH〈a〉p − 2rpHk + rp
k−1∑
i=0
(
1
−a + i
+
1
a + 1 + i
))
(mod p2). (3.12)
Applying (3.11) and (3.12) to the left-hand side of (3.9) yields
LHS (3.9)
≡
(
2r
r
)2(
a+ r
2r
)(
−
1
4
)r p−1∑
k=0
(
2k
k
)2(
a + k
2k
)(
−
1
4
)k
×
(
1 + rp
(
2H2k − 4Hk + 2H〈a〉p +H⌊p/2⌋ +
k−1∑
i=0
(
1
−a + i
+
1
a + 1 + i
)))
(mod p2).
(3.13)
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In fact, the proof of (3.9) follows from the congruence:
p−1∑
k=0
(
2k
k
)2(
a+ k
2k
)(
−
1
4
)k
×
(
2H2k − 4Hk + 2H〈a〉p +H⌊p/2⌋ +
k−1∑
i=0
(
1
−a+ i
+
1
a+ 1 + i
))
≡ 0 (mod p).
(3.14)
Substituting (3.14) into (3.13), and then using (3.8) and (1.2), we obtain
LHS (3.9) ≡
(
2r
r
)2(
a + r
2r
)(
−
1
4
)r
· 3F2
[
1
2
,−a, a+ 1
1, 1
; 1
]
p
≡ (−1)
p+1
2 Γp
(
−
a
2
)2
Γp
(
a+ 1
2
)2(
2r
r
)2(
a + r
2r
)(
−
1
4
)r
(mod p2),
which is (3.9). So it suffices to prove (3.14).
Since a ≡ 〈a〉p (mod p), we have
LHS (3.14)
≡
p−1∑
k=0
(
2k
k
)2(
〈a〉p + k
2k
)(
−
1
4
)k
×
(
2H2k − 4Hk + 2H〈a〉p +H⌊p/2⌋ +
k−1∑
i=0
(
1
−〈a〉p + i
+
1
〈a〉p + 1 + i
))
(mod p).
(3.15)
By (3.2)-(3.5) and the fact that 〈a〉p is an even integer with 0 ≤ 〈a〉p ≤ p − 1, we
obtain
p−1∑
k=0
(
2k
k
)2(
〈a〉p + k
2k
)(
−
1
4
)k(
2H2k − 4Hk + 2H〈a〉p +H⌊p/2⌋ +
k−1∑
i=0
1
〈a〉p + 1 + i
)
=
(
〈a〉p
〈a〉p/2
)2
4〈a〉p
(
H⌊p/2⌋ +
1
2
H〈a〉p −H〈a〉p/2
)
. (3.16)
Let b = p− 〈a〉p. It is clear that 〈a〉p ≡ −b (mod p) and b− 1 is an even integer with
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0 ≤ b− 1 ≤ p− 1. Using (3.5) and the fact that
(
−b+k
2k
)
=
(
b−1+k
2k
)
, we get
p−1∑
k=0
(
2k
k
)2(
〈a〉p + k
2k
)(
−
1
4
)k k−1∑
i=0
1
−〈a〉p + i
≡
p−1∑
k=0
(
2k
k
)2(
−b+ k
2k
)(
−
1
4
)k k−1∑
i=0
1
b+ i
(mod p)
=
p−1∑
k=0
(
2k
k
)2(
b− 1 + k
2k
)(
−
1
4
)k k−1∑
i=0
1
b+ i
=
(
b−1
(b−1)/2
)2
4b−1
(
3
2
Hb−1 −H(b−1)/2
)
. (3.17)
By (3.2), we have(
b−1
(b−1)/2
)2
4b−1
=
p−1∑
k=0
(
2k
k
)2(
b− 1 + k
2k
)(
−
1
4
)k
≡
p−1∑
k=0
(
2k
k
)2(
−〈a〉p − 1 + k
2k
)(
−
1
4
)k
(mod p)
=
p−1∑
k=0
(
2k
k
)2(
〈a〉p + k
2k
)(
−
1
4
)k
=
(
〈a〉p
〈a〉p/2
)2
4〈a〉p
. (3.18)
Substituting (3.16)-(3.18) into (3.15) and then replacing b by b = p− 〈a〉p gives
LHS (3.14) ≡
(
〈a〉p
〈a〉p/2
)2
4〈a〉p
×
(
H⌊p/2⌋ +
1
2
H〈a〉p −H〈a〉p/2 +
3
2
Hp−1−〈a〉p −H(p−1−〈a〉p)/2
)
(mod p).
(3.19)
Note that
H(p−1−〈a〉p)/2 = H(p−1)/2 −
〈a〉p/2−1∑
i=0
1
(p− 1)/2− i
≡ H⌊p/2⌋ −
〈a〉p/2−1∑
i=0
1
−1/2− i
(mod p)
= H⌊p/2⌋ + 2H〈a〉p −H〈a〉p/2.
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Substituting the above congruence into (3.19) yields
LHS (3.14) ≡
3
2
·
(
〈a〉p
〈a〉p/2
)2
4〈a〉p
(
Hp−1−〈a〉p −H〈a〉p
)
≡ 0 (mod p),
where we have utilized the fact that Hp−1−k ≡ Hk (mod p) for 0 ≤ k ≤ p − 1. This
concludes the proof of (3.14).
Taking the sum over r from 0 to n− 1 on both sides of (3.7) gives
3F2
[
1
2
,−a, a+ 1
1, 1
; 1
]
np
≡ (−1)
p+1
2 Γp
(
−
a
2
)2
Γp
(
a + 1
2
)2
3F2
[
1
2
,−a, a+ 1
1, 1
; 1
]
n
(mod p2).
This completes the proof of Theorem 1.2. 
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